This article is devoted to the study of scalar perturbations in loop quantum cosmology. It aims at clarifying the situation with respect to the way initial conditions are set and to the specific choice of an inflaton potential. Several monomial potentials are studied. Both the dressed metric and deformed algebra approaches are considered. We show that the calculation of the ultraviolet part of the spectrum, which is the physically relevant region for most background trajectories, is reliable, whereas the infrared and intermediate parts do depend on some specific choices that are made explicit.
I. INTRODUCTION
The calculation of primordial cosmological power spectra is an important way to connect speculative theories of quantum gravity with observations (see [1] for a recent review). Among those theories, loop quantum gravity (LQG) (see, e.g., [2] ) has now reached the point where explicit calculations can be performed. At this stage, it remains, however extremely difficult to derive rigorous cosmological predictions from the full theory. But, in the specific case of loop quantum cosmology (LQC), which can be viewed as the quantization of symmetry reduced general relativity using techniques from LQG (see, e.g., [3, 4] ), quite a lot of results have already been obtained, beginning with the replacement of the usual Big Bang by a Big Bounce. Recently, important improvements were proposed, e.g. in group field theory [5] [6] [7] , in quantum reduced loop gravity [8] [9] [10] [11] , in refined coherent state approaches [12] , in diffeomorphism invariance derivation [13] or in analogies with a Kasner transition [14] , to cite only a few.
Together with hybrid quantization [15, 16] , two main approaches have been developed in this framework to study inhomogeneities: the dressed metric [17] [18] [19] and the deformed algebra [20] [21] [22] [23] . The first deals with quantum fields on a quantum background while the second puts the emphasis on the consistency and covariance of the effective theory. This led to clear predictions about the power spectra [24] [25] [26] [27] [28] [29] . Other complementary paths were also considered to investigate perturbations [30] [31] [32] [33] [34] .
Many works were devoted to tensor perturbations that are easier to handle both for gauge and for anomaly issues. Scalar modes are, however more important from the observational viewpoint (see, e.g., [24, [35] [36] [37] [38] for recent works in LQC). This article focuses on scalar spectra and aims at clarifying how previous LQC results obtained for * Electronic address: Aurelien.Barrau@cern.ch † Electronic address: pierre.jamet@vivaldi.net ‡ Electronic address: martineau@lpsc.in2p3.fr § Electronic address: flora.moulin@lpsc.in2p3.fr a simple massive scalar field can be generalized to other monomial potentials and to which extent the spectrum is sensitive to initial conditions (i.e. to a vacuum choice) for perturbations. It is essentially impossible to derive fully generic results, so we explicitly investigate different solutions and show the associated numerical computations so that they can be accounted for in future studies.
II. GENERIC FRAMEWORK
We consider here a spatially flat and isotropic FLRW spacetime filled with a minimally coupled scalar field with a monomial potential. We neglect backreaction and trans-Planckian effects.
We first come back to the study developed by some of the authors of this article in [27] . As in this work, we adopt here a causal viewpoint and put the initial conditions, both for the background and the perturbations, as far as possible in the contracting phase preceding the bounce.
The basic ingredients are the following. The Friedmann equation, modified by holonomy corrections, reads as
where ρ c is the critical density (expected to be of the order of the Planck density), and H =ȧ/a is the Hubble parameter. The Klein-Gordon equation for the background is given bÿ
where ϕ is here used forφ, the average scalar field. The differential system for the background can be summarized as (we choose the convention a(t init ) = 1):
and using 10) this leads to the final expression:
This is the intricate effective potential that has to be dealt with. In the next two sections, we study perturbations as described by the dressed metric approach [17] [18] [19] , which is very close to the hybrid quantization one as far as phenomenology is concerned [33] . Interestingly, at the effective level, the equation of motion (2.7)is formally the same than in general relativity, even though the value of z /z is of course heavily modified. We then switch to the deformed algebra approach were an effective change of signature shows up.
III. QUADRATIC POTENTIAL
The resulting typical evolution of the scalar field is shown in Fig 1: pseudo-oscillations are followed by the bounce and by an inflationary stage. The details obviously depend on the phase of the field during the contracting period but, as shown in [39] [40] [41] , what is displayed in Fig 1 is a quite generic behavior . The probability to have, for example, a phase of deflation is much smaller. All numbers are given in Planck units.
The way to choose initial conditions for the perturbations is more subtle. The usual Minkowski solution Universe during the bounce is taken seriously and if the word "initial" is taken literally, it makes sense to put initial conditions far away before the bounce, this later constituting in addition the most "quantum" and less controlled moment in the whole cosmic history (see e.g. [42] for a discussion). As it will become clear later, this requirement is actually in tension with the first one (which should be considered as the mandatory one).
The evolution of the absolute value of the effective potential z z is shown in Fig. 2 during the full integration time interval. It should be noticed that it increases both in the past and in the future of the bounce (which is located around t = 1.5 × 10 7 on the plot). This raises an issue which is fundamental for bouncing models and should be taken into account with care, as studied later in this article. Figure 3 shows the effective potential between the beginning of the integration interval and the bounce. The shape is highly complex and very different from what happens either in standard cosmology or in LQC for tensor modes. In the standard cosmological model it vanishes when going backward in time, deep into the de Sitter inflationary phase. This is also true for bouncing models when going far away in the past of the contracting phase, but only for tensor modes. In the considered case, due to the large (negative) value taken by the potential in the remote past it is impossible to put stable initial conditions very far from the bounce. Strictly speaking, it might make sense to set initial conditions in this way but the interesting selection criterion associated with the Bunch-Davies vacuum would be lost. If one wants to remain in a framework where a Bunch-Davies like initial state -which is at least justified to compare with other results -is used, there are two moments which can be chosen such that z z vanishes. However, those points are not far from the bounce and the fact that "initial" conditions have to be set at very specific moments is something that deserves to be better understood in the future and should be, at this stage, considered as a weakness (at least at the heuristic level) of those models.
As a first step in a better understanding of the situation, we present in Fig. 4 the primordial power spectra resulting from a full simulation of the evolution of perturbations with initial conditions set both at the first zero, i.e at t i = 1.46 × 10 7 , corresponding to the earliest time in cosmic history, and at the second zero of the effective potential at t i = 1.52 × 10
7 .
First, it should be emphasized that the ultraviolet (UV) part of the spectrum is the same for both ways of putting initial conditions and is compatible with observations, that is nearly scale invariant with a very between the beginning of the integration and just before the bounce.
•
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ∝ k slight tilt due to the slow roll of the field during the inflationary stage. This is particularly important as the UV part of the spectrum is most probably the one which is experimentally probed. This last fact entirely depends on the number of e-folds of inflation: the conversion of the comoving wave number into a physical wave number requires the knowledge of the expansion factor of the Universe. Except if the background initial conditions are hyper-fine-tuned, inflation lasts long enough [39] [40] [41] so that the observational cosmological microwave background (CMB) window clearly falls in the UV part of the spectrum. In principle, this would require a specific trans-Planckian treatment (see [28, 43] for first attempts in this direction) which is not the topic of this study and which is anyway partially accounted for in the dressed metric approach. The oscillations in the intermediate part of the spectradue to quasi-bound states in the effective Shrödinger equation -are basically the same in both cases, together with the deep infrared (IR) part (throughout all the article we call "infrared" the rising part of the spectrum and "ultraviolet" the scale-invariant one). However, some differences do remain in the junction between the IR and the oscillatory regimes. We have checked that they are not due to numerical issues. Although this is not of high phenomenological significance, this shows that the way initial conditions are set, even around a vanishing effective potential, can influence the resulting power spectrum.
• We have also checked that when moving slowly away from the exact point were z z = 0, the spectrum slowly changes. This is obviously expected but the details of the changes are very hard to guess as the effective potential is very complicated. Basically, the spectrum evolves from a full k 2 to a full k 3 behavior in the IR. Figure 5 presents an intermediate case, and this should be taken into account when interpreting results given in [27] .
Finally, in Fig. 6 , the spectrum is plotted for initial conditions set at a local extremum further away from the bounce, at t i = 2.00 × 10 6 . The plain line corresponds to a point deeper in the past than the dotted line.
This shows that although the global shape of the spectrum is under control -especially in the region of phenomenological significance -the detailed structure is quite sensitive to the way initial conditions are set. In models where the effective potential does not vanish in the remote past, this raises nontrivial issues. This means by no way that those approaches are inconsistent but that some uncertainties associated with the loss of a strong selection criterion on initial conditions have to be included in the analysis. 
IV. GENERALIZED POTENTIALS
It is important to investigate whether the scalar spectra obtained hold for other inflaton potential shapes (not to be confused with the effective potential felt by pertubations), beyond the massive scalar field which is not favored by data [44] . The case of plateaulike potentials is very specific in bouncing models (see [41] ), so we restrain ourselves to confining monomial potentials of the form:
No general analytical solution in the deep contracting phase can be found anymore but it is still possible to set initial conditions for the background as done previously. The evolution of the scalar field is qualitatively weakly depending on n. As an example, we show the result for n = 3 in Fig. 7 . The situation is more complicated when one considers the details of the effective potential. Figure 8 shows the evolution of z /z up to the respective bounces for n = 3, 4, 4/3, 5/2. Clearly the shape of the behavior of the effective potential depends on the value of n. The number of points were the potential identically vanishes is finite in each case, leading to a finite number of ways to set a rigorous instantaneous Bunch-Davis vacuum. In all cases there is also an infinite number of local minima that can be used as approximate vacua, depending on the range of wave numbers relevant for the considered study. We insist once more that the details of the spectrum do depend on this choice. , together with its envelop, in the contracting universe, up to the bounce on a wide time interval. Figure 9 shows the envelope of the effective potential for n = 3 when going deeper into the past. It can be empirically fitted by a power law (t − t b ) 0. 45 . The oscillations themselves get quite chaotic, reflecting the nonlinearity of the equations. The situation is very different from what happens for the effective potential of tensor modes. It might be that, from the bounce, time flows in two opposite directions. Then it would make sense to put initial conditions at the bounce, as in [17] [18] [19] . If, however, the evolution remains globally causal with a unique time direction, the questions raised here cannot be ignored.
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As "extreme" examples, we show in Fig. 10 (resp. Fig.  11 ) the scalar spectra for n = 4/3 (resp. n = 5/2) with initial conditions set close to the bounce and in the deep past. This reinforces the previous conclusions: the "small scales" part of the spectra is nearly scale invariant in all cases (although small differences do exist), making the results compatible with observation for the vast majority of the parameter space which leads to an inflationary stage so long that the observable part falls in the deep UV range. However, the IR part and some of the oscillations can sensitive to the details of the inflaton potential shape and to the way initial conditions are set.
V. DEFORMED ALGEBRA
Another approach to LQC, the so-called deformed algebra, relies on a different view of the situation [20-23, 45, 46] . In this case, the emphasis in put on the consistency of the effective theory. The Poisson brackets are calculated between (holonomy) quantum corrected constraints. Anomalies do appear in general. To ensure covariance, counter-terms with a vanishing classical limit are added to the constraints, so that the system remains "first class" in the Dirac sense. The resulting algebra (including the matter content) is closed and reads as 
where v is the gauge-invariant perturbation and z is the background variable. Phenomenologically, the main consequence of this model, if a causal view is chosen and a massive scalar field is assumed to fill the Universe, is an exponential growth of the spectrum in the UV [26, 27] . It is obviously not compatible with data [29] but this conclusion clearly relies on heavy assumptions that might be radically altered when considering transplanckian effects [28] or other ways of setting initial conditions [47, 48] .
We have readdressed the question of the propagation of scalar perturbations in the deformed algebra framework with new potentials. As it can be seen in Figs. 12,13 and 14 the UV rise of the spectrum clearly remains present whatever the chosen potential. All the conclusions about the features of this model, therefore, remain valid beyond the massive scalar field approximation. The subtle modifications of the IR shape are actually due to the way the initial vacuum is chosen which is inevitably impacted by the choice of the potential. 
VI. CONCLUSION
In this article, we have addressed the question of the primordial power spectrum of scalar perturbations in a bouncing universe described by loop quantum cosmology by studying the gauge-invariant Mukhanov-Sasaki equa-tion with the appropriate effective potential associated with different inflation potentials. A full numerical simulation was developed. The conclusions are the following:
• the temporal behavior of the effective z /z potential is, in general, highly complicated with a pseudo-periodic structure which depends on the details of the inflaton potential V (ϕ).
• the ultraviolet part of the power spectrum, which is the most relevant one from the observational perspective, is mostly independent of the way initial conditions are set and of the choice of the potential. This makes the main LQC predictions robust.
• the intermediate and infrared parts of the spectrum do depend on the initial conditions and on the inflaton potential. The IR slope varies between k 2 and k 3 depending on the type of vacuum chosen and the amplitude of the oscillations can vary substantially.
This study shows that the main conclusions regarding the compatibility of the spectrum with CMB observations (for most of the parameter space span by initial conditions for the background) in LQC are reliable. However, if the initial values for the inflaton field and its momentum are fine-tuned so that the number of e-folds of inflation is small, the observational window might fall on the intermediate or IR part of the spectrum. In that case, LQC predictions do depend on the way initial conditions (for perturbations) are set and on the choice of the inflaton potential. This should be taken into account in future studies.
